Welfare and close related issues, like poverty and inequality, are multidimensional as they involve not only income, but also education, health or labour. This paper aims to measure the dependence among dimensions using copula-based coefficients. This approach focuses on the positions of the individuals across dimensions, rather than their specific values. We apply copula-based orderings of dependence to analyze how the concordance among dimensions has evolved in Spain over the last years. We also compute multivariate extensions of the Spearman's rank coefficient. The variables considered are those included in the AROPE rate: income, material needs and work intensity.
Motivation
There is a general agreement that welfare and closed related issues, like poverty and inequality, are multidimensional encompassing not only income, but also nonmonetary dimensions such as education and health; see, for instance, Kolm (1977) , Atkinson and Bourbignon (1982) and Sen (1985) . In this framework, much attention has been driven to the selection of the dimensions involved (Ramos and Silber, 2005 and Anand et al., 2009 ) and the way of aggregating the information contained in such dimensions (Maasumi, 1986; Tsui, 1995; Bourguignon and Chakravarty, 2003; Atkinson, 2003 and Alkire and Foster, 2011) . Moreover, the level of welfare, poverty and inequality depends on the degree of dependence among dimensions (Bourbignon and Chakravarty, 2003 and Duclos et al., 2006) . However, the problem of measuring that dependence has been scarcely addressed in the literature and this is the main goal of this paper.
The information about the multivariate dependence among dimensions can be expressed either in terms of their joint distribution function or in terms of their implied copula. The copula approach focuses on the positions of the individuals across dimensions, rather than the specific values that the corresponding variables attain for such individuals. The advantage of this approach for continuous variables is that it enables the decomposition of the joint distribution function into its univariate marginals and the dependence structure captured by the copula. Moreover, copulas allow building scaled-free measures of dependence and orderings of multivariate dependence; see Nelsen (2006) and Joe (2015) for a comprehensive review of copulas and related concepts.
In the bivariate case, there are several measures of dependence. The most well-known is Pearson's correlation coefficient, which is suitable for linear dependence and elliptical data. However, empirical research shows that, in welfare economics, the data seldom belongs to this class. In this case, measures based on ranks, such as Spearman's rho or Kendall's tau, would be more appropriate. These two coefficients measure a form of dependence known as concordance. Noticeably, they can be written in terms of copulas.
In a multivariate framework, neither the concept of concordance nor the generalization of the bivariate coefficients of concordance is unique. For instance, in the trivariate case, there are more than eight copula-based generalizations of Spearman's rho; see García et al. (2013) and the references therein.
In welfare contexts, copula-based methods have been recently employed by Quinn (2007a Quinn ( , 2007b and Bø et al. (2012) in a two-dimensional setting and by Decancq (2013) in a multi-dimensional framework. This author introduces a copula-based ordering of dependence and characterizes two measures of multivariate dependence consistent with this order: the multivariate Kendall's tau proposed by Nelsen (1996) and a multivariate version of Spearman's rho in Nelsen (2002) . He illustrates the results with a Russian data set including household income, self-assessed health and years of schooling.
In this paper, we extend the results in Decancq (2013) by considering: a) other two multidimensional versions of Spearman's rho, due to Wolff (1980) , Joe (1990) and Nelsen (1996) ; b) the coefficients based on directional dependence recently proposed by Nelsen and Úbeda-Flores (2012) and García et al (2013) for trivariate distributions. These measures are capable of revealing some forms of dependences that the coefficients analysed in Decancq (2013) fail to detect. We also perform comparisons based on positive orthant dependent orderings using bootstrap methods.
Our empirical application is devoted to measuring how the dependence between the three dimensions included in the AROPE (At Risk Of Poverty or social Exclusion) rate, i.e. income, material needs and work intensity, has evolved in Spain over the last years. We focus on this rate because it is the headline indicator to monitor and implement effective poverty-reduction policies in the framework of the EU 2020 Strategy.
The rest of the paper is organized as follows. Section 2 introduces the copula and summarizes its basic properties. Section 3 describes the orthant dependence orderings and the way to implement them in practise. Section 4 introduces ten multivariate copula-based measures of dependence and discusses its main properties. It also introduces its sample versions. Section 5 illustrates how these tools can be used to measure the evolution of the dependence between dimensions of poverty in Spain over the last years.
Preliminaries and notation
According to Nelsen (2006) (ii) C is d-increasing, that is for every u 1 =(u 11 
where F 1 j  , for j=1,…,d, denotes the inverse of F j . The copula C itself, as defined in (2) , is a multivariate distribution whose univariate marginals are all uniform on the interval (0,1).
Each copula function C is bounded by its so-called Fré-chet-Hoeffding bounds,
M is always a copula but W is a copula only if d=2. Taylor (2007) points out that M can be thought of as a state of "maximal concordance", i.e. the state where each component X i of X is an almost surely increasing function of every other component X j . Unlike, if X is a vector of independent random variables, then its copula is the independent copula Π defined as Π(u)=u 1 
Another important function associated with a copula C is the survival function C defined as:
In general, C is not a copula.
Copula-based orderings
The concept of multivariate dependence can be defined in different ways (see, for example, Mari and Kotz, 2001 ). The one we handle in this paper is positive dependence, that is, when large (small) values in one component tend to be associated with large (small) values in the other components. Following Nelsen (2006) and Decancq (2013) we consider three copula-based orderings of dependence defined as follows.  X is more positively lower-orthant dependent
 X is more positively orthant dependent (POD) than Y if both (3) and (4) hold 1 .
The three definitions above were already introduced in Joe (1997) in terms of cumulative distribution functions. As this author points out, the expressions (3) and (4) mean that the components of X are more likely simultaneously to have small and large values, respectively, compared with the components of Y.
In the bivariate case, the three definitions above are equivalent.
In practise, the PLOD, PUOD and POD conditions may be checked once empirical versions of copulas and survival functions are known. To introduce these concepts, 1 Note that this notion of POD is equivalent to the definition of C further notation is needed. Let
..,n, be a random sample of size n from the d-dimensional continuous random variable X. Its marginal distribution functions are estimated by their empirical counterparts: Obviously, this comparison is very restrictive as it is merely descriptive. However, the procedure can be significantly improved by bootstrapping. In doing so, we will be able to formally test the hypothesis :
. Similarly, the equivalent hypothesis for the survival function, i.e., the PUOD condition, could also be tested.
Copula-based multivariate measures of dependence
The concordance ordering defined in the preceding section produces an incomplete ranking. In contrast, a dependence measure allows a complete ranking of all the distributions being compared. In this section, we first discuss three dependence measures which can be regarded as multivariate generalizations of the wellknown Spearman's rho. These measures are related to the three multivariate dependence ordering conditions introduced in Section 3. A complete description of these and other copula-based measures of multivariate dependence can be found in Wolff (1980) , Joe (1990) , Nelsen (1996 Nelsen ( , 2002 The first copula-based multivariate extension of Spearman's rho that we consider, d r -, is due to Wolff (1980) and Nelsen (1996) and it is defined as follows:
Since the denominator of this expression represents the maximum value of its own numerator, i.e. its value at the maximal copula C = M, it is guaranteed that the maximum value of d r -is 1. By working out some of the integrals in (5), the following alternative expression turns out:
r -can be regarded as a multivariate measure of average lower orthant dependence.
The second multivariate version of Spearman's rho considered in this paper, d r + , was originally proposed by Nelsen (1996) as a multivariate measure of average upper orthant dependence and it is defined as follows:
Again, the denominator of this expression resembles its own numerator evaluated at the maximal copula C = M and so the maximum value of d r + is 1. The expression (6) can be alternatively written as:
When the copula of X is the upper bound M, both d r -and d r + attain their maximum value, 1, and they become zero when the components of X are independent, i.e. when C = Π. A lower bound for both
; see Nelsen (1996 
This measure is further discussed in Dolati and Úbeda-Flores (2006), where it is shown that it is a measure of average orthant dependence. It has also been used in Decancq (2013) .
In the bidimensional case (d=2) the three coefficients defined above reduce to bivariate Spearman's rho, S r , that is, 2 2 2 S r r r r
In the trivariate case (d=3), the three coefficients defined above become: r r
Finally, we consider the new index of maximal dependence max 3 r proposed by García et al. (2013) as the largest of the eight directional -coefficients defined in (9).
These authors proved that their index can also be calculated using the three pairwise Spearman's rho coefficients and the three common 3-dimensional versions of Spearman's rho in (8) 
The non-parametric estimator of the coefficient d r + in (6) was already given in Joe (1990) . For d=3, this estimator becomes:
Pérez and Prieto (2015) propose a non-parametric estimator of d r -, which reduces to the following expression for d=3: (12) and (11), respectively.
Empirical application
Several recent works (Atkinson and Morelli, 2011; Foessa, 2013 and Prieto et al. 2015) point out that poverty in Spain has increased significantly over the last years of economic crisis. As we said before, poverty depends on the degree of interdependence among the poverty dimensions. In this section, we apply the copula-based methods described in Section 3 and Section 4 to measure the evolution of the dependence among the poverty dimensions in Spain over the period [2009] [2010] [2011] [2012] [2013] . This analysis will give us a general picture of how the degree of poverty has evolved in Spain in the years after the crisis.
Data and variables
The dimensions of poverty we have selected for our empirical application are those included in the AROPE rate 2 , namely income, material needs and work intensity. We select these variables because the AROPE rate is the headline indicator to monitor and implement effective poverty-reduction policies in the framework of the Europe 2020 Strategy.
The income of a household is the total income of the household, after tax and other deductions divided by the equivalent household size 3 .
The material deprivation is originally defined as the enforced inability to: 1) pay unexpected expenses; 2) afford a one-week annual holiday away from home; 3) have a meal involving meat, chicken or fish every second day: 4) heat adequately a dwelling; 5) have a washing machine; 6) have color television; 7) have telephone; 8) have car; 9) manage with payment arrears (mortgage or rent, utility bills, hire purchase instalments or other loan payments). For the sake of simplicity and easy of interpretation, we consider a transformation of this variable that takes its complementary values, namely: 0 (having all the 9 possible deprivations), 1 (having eight out of the nine aforementioned deprivations), …, 9 (having no deprivations). Hence, this new variable indicates the number of no-privations out of the nine possible.
The work intensity of a household is the ratio of the total number of months that all working-age 4 household members have worked during the year and the total number of months the same household members theoretically could have worked in the same period.
With our transformation of the variable measuring material needs we ensure that the three variables considered keep the same relationship with phenomenon being measured, poverty. That is, high values of each variable convey lower chance to be poor, while low values of each variable convey higher chance to be poor.
The data comes from the EU-Statistics on Income and Living Conditions (EU-SILC) survey, which is the EU reference source for comparative statistics on income distribution and social inclusion at the European level. To face our goal, we base our analysis on data from surveys launched in 2009 and 2013.
The unit of analysis is the household. The samples sizes of the EU-SILC survey are 13360 and 12139 in 2009 and 2013, respectively. However, we only work with subsamples of 10863 households in 2009, and 9695 households in 2013, for which we have complete information for all the three ranking variables. In particular, in these subsamples, households composed only of children, of students aged less than 25 and/or people aged 65 or more are excluded, due to their missing values in the variable work intensity. Although the full samples are constructed to be representative for the entire Spain, this restricted subsamples might not be. Nevertheless, the difference between some statistics obtained with the entire sample and those obtained with the subsamples are tiny. For example, the means household income obtained with the entire sample are 16945 and 16087 in 2009 and 2013 respectively, while both means with the reduced sample are 17842 and 16489.
In the copula-based framework we deal with how the individuals are ranked in the three dimensions, rather than with the exact outcome levels of the individuals in these dimensions. Hence, in each dimension, households are ranked according to the variable defining such dimension. If a tie occurs, the households tied are ranked randomly. As we will illustrate later, this random assignment do not noticeably change the results.
Results
We first test the hypothesis of increased dependence in Spain over the period 2009-2013 by performing copula based-orderings comparisons, as described in Section 3.
In order to do that, for each year, we compute the empirical copula function over a grid of 27 points in I 3 defined by (0.25, 0.5, 0.75) and then, for each point in the grid, we compare the values of the empirical copula for both years as described in section 3. Then, we approximate the sampling distribution of each empirical copula by resampling with replacement repeatedly (1000 subsamples) from the original sample. Afterwards, on the basis of the bootstrap distributions obtained, we test for the difference between the two years considered to be significant.
The results are displayed in Table 1 (see the Appendix). Several conclusions emerge from this table. First, the empirical copula in year 2013 outranks the empirical copula in year 2009 at all the grid points. Second, the differences between 2013 and 2009 are significantly non-negative at 5% in all cases. Hence, the PLOD condition holds at all grid points at 5% significant level. This means that the three poverty dimensions (income, no material needs and work intensity) are more likely to have simultaneously small values in 2013 than in 2009; that is, being simultaneously poor in all the three dimensions is more likely to occur in 2013 than it was in 2009. Therefore, the situation for the poors has become even worse in 2013 than it was in 2009.
We next illustrate the multivariate dependence among income, no material needs and work intensity through the multivariate versions of Spearman's rho introduced in Section 4. In order to do that, we compute the estimators of the ten 3-dimensional indexes introduced in Section 4 for the two years considered. Again, we approximate the sampling distribution of these estimators by bootstrap methods, using the resampling scheme explained above. The results are displayed in Table 2 
Conclusions
In this paper we analyse how the dependence among the dimensions of poverty has evolved in Spain over the period 2009-2013. The dimensions considered are those included in the AROPE rate: income, material needs and work intensity. In order to do that, we have applied copula-based orderings of dependence over a grid of 27 points to test whether such dependence has increased over the period considered. We have also computed several multivariate extensions of the Spearman's rank coefficient for the two years considered and we have tested, using bootstrap methods, whether the differences between both years are significant.
Our main conclusion is that the degree of dependence among income, material needs and work intensity has noticeably increased over the period considered. Moreover, in both years, the maximal dependence among the three dimensions occur in direction (-1,-1,-1) and the direction of the second largest dependence is (1,1,1). This means that small (high) values of the three poverty dimensions tend to occur together, and this simultaneous concentration of small (large) values of income, no material privations and work intensity, is more likely to occur in 2013 than in 2009. Therefore, after the crisis, the Spanish society has become more polarized, with the poor being more likely to keep being poor and the rich being more likely to keep being rich.
Our results also highlight the relevance of income as the main factor leading poverty, since the other variables considered are highly correlated with it. 
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